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Abstract  We analytically and numerically study the temporal intensity pattern 
emerging from the linear or nonlinear evolutions of a single or double phase 
jump in an optical fiber. The results are interpreted in terms of interferences of 
the well-known diffractive patterns of a straight edge, strip and slit and a 
complete analytical framework is provided in terms of Fresnel integrals for the 
case of purely dispersive evolution. When Kerr nonlinearity affects the 
propagation, various coherent nonlinear structures emerge according to the 
regime of dispersion.  
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Introduction 
Diffraction is among the key effects of wave physics with applications in a broad range 
of technological domains spanning from imaging to spectroscopy, material sciences, 
mobile communications, test measurements or sensors. Propagation of a plane wave 
through a sharp edge is the unavoidable example taught in any physical optics courses 
to introduce the concepts and the theoretical tools available to handle Fresnel’s 
diffraction [1, 2]. But diffraction is not restricted to opaque screens that partially 
obstruct light, it is also involved when light is transmitted through a phase plate, i.e. a 
transparent medium imprinting a localized phase jump, leading to strong oscillations of 
the diffracted field [3, 4]. 
The well-known free-space evolution of a beam can find analogs in the temporal 
domain. Indeed, the parabolic spectral phase induced by the dispersion of an ultrashort 
optical pulse is equivalent to the paraxial diffraction affecting the spatial propagation of 
a light beam [5-7]. This space/time duality has already been extremely fruitful and has 
stimulated numerous new concepts or interpretation in ultrafast optics such as temporal 
or spectral lenses [8, 9], Fresnel lens [10], super resolution imaging [11], dispersion 
gratings [12] or two-wave temporal interferometers [13], to cite a few. Other studies 
have established links between the near-field propagation observed in diffraction and 
advanced applications for high repetition-rate sources when initial periodic phase 
modulation is converted into intensity pattern [14-18] in a process that can be linked to 
the Talbot array illuminators in the spatial domain [19]. However, despite the fact that 
coherent communications now heavily rely on the use of phase modulation, no explicit 
study of the space / time duality for a single phase step has been clearly reported so far. 
This is the scope of the present paper to fill this gap by providing a series of 
analytical and numerical results for a single phase jump evolving in a single mode 
optical fiber. We then extend the discussion to the case of a double phase jump and 
highlight some significant differences with respect to the pattern resulting from the 
dispersion of a temporal hole of light. In both cases, we also investigate the 
consequences of optical Kerr nonlinearity according to the regime of dispersion and 
demonstrate the emergence of coherent structures. Finally, the impact of the finite 
bandwidth of temporal modulation is discussed. 
 
Study of a single and ideal temporal phase jump 
Situation under study and analytical treatment of the linear propagation 
Before discussing our experiments, let us first recall the basis of the analogy between 
the spatial evolution of light affected by diffraction and the temporal changes 
experienced by light when dispersion is involved. We consider the simple case where a 
monochromatic plane wave with wavelength  and an amplitude ailluminates a phase 
pattern. It can be a light beam transmitted through a transparent plate with an abrupt 
change in thickness or refractive index. For a 1D transverse problem, the longitudinal 
evolution of light a(x,z) in the scalar approximation is ruled by the following differential 
equation :  
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with x and z being the transverse and longitudinal coordinates respectively and k0 = 
2/ the wavenumber. The goal of the present paper is to study the temporal equivalent 
of this configuration. We therefore consider an initial continuous wave a(t, z=0) where 
light has been modulated by an abrupt phase offset  at t = 0 that follows : 
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with t being the temporal coordinate. This shaped temporal waveform then propagates 
in a dispersive single mode waveguide, typically an optical fiber, that ensures that its 
spatial transverse profile is unaffected upon propagation. The temporal profile of the 
light in the approximation of the slowly varying envelope evolves according to: 
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with 2 the second order dispersion coefficient. We have here considered a second order 
anomalous dispersion 2 = -20 ps2/km typical of the SMF-28 fiber used for optical 
telecommunications [20]. As this second-order dispersion coefficient is much higher 
than the third-order dispersion coefficient, it is possible, as a first approximation, to 
fully neglect the impact of higher order dispersive terms. The space-time duality readily 
appears in the mathematical structure of equations (1) and (3) where the transverse 
space coordinate and time are exchanged, the waveforms fulfilling the same normalized 
differential equation [5-7]. Consequently, both diffraction and dispersion imply the 
development of a quadratic spectral phase and lead formally to similar consequences. In 
order to better understand the evolution of temporally phase-sculpted waveform subject 
to dispersion, given the superposition property, it may be useful to rewrite the initial 
condition of our problem given by Eq. (2) as a linear combination of two patterns 
illustrated in Fig. 1(a) :  a(t,0) = 1(t) + 2(t), with  1(t) = H(-t) (green line) and 2(t) 
= H(t) exp(i ) (purple line), H being the Heaviside step distribution that represents in 
the 1D spatial domain the equivalent of a straight edge. Therefore, the pattern that 
emerges upon linear propagation can be viewed as the result of the interference between 
the typical waveforms linked to the diffraction of two out-of-phase straight edges  of 
opposite orientations. Let us remind that the diffraction pattern of an ideal semi-infinite 
screen is among the first examples that are taught to students when introducing 
diffraction [1, 2, 21]. For this case, Fraunhofer approximations do not hold but the edge 
problem can be solved analytically by involving Fresnel’s integrals Cf and Sf and the 
graphical Cornu’s spiral plot: 
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Expressed in the context of temporal evolution, this leads to: 
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The temporal intensity profile of one semi-infinite edge is therefore characterized by 
strong oscillations of the plateau as can be seen in Fig. 1(b) with extrema located at 
±texp,m  ( 0m ) given by : 
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The most pronounced ripple is obtained at tmax = text,0 and has a maximum equal to 1.37 
which is independent of the propagation distance. It is followed by a local minimum at 
tmin = text,1. 
The temporal phase difference T between 1 and 2 can be expressed as T(t,z) = 
arg(2(t,z)) - arg(1(t,z)) = arg((t,z)) - arg((-t,z)) +  =   +  with   = 
arg((t,z)) - arg((-t,z)) plotted with black line in panel (b2) and that can be analytically 
derived as : 
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with the normalized coordinate u being  2 2( ) sgn /u t t z   . One can note that 
  is null at t = 0 and is close to an even multiple of  around tmax. This formula can be 
closely adjusted around t = 0 by the following linear fit (black dashed line) : 
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The intensity profile obtained after propagation is given by the following expression that 
can be interpreted exploiting Cornu’s spiral [4, 22] : 
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One particularly interesting case is when  equals =  (see Fig. 2, panel (a) and red 
curve in panel (b)). In this case, T(t) equals  around the central position so that the 
interference between 2(t) and 1(t) is destructive around t=0. As 2(0) and 1(0) have 
identical intensities, the destructive interference is complete and the intensity drops to 
zero. Therefore, the intensity in the central part is lowered compared to what would 
have been expected from the incoherent sum of the intensities of the two diffraction 
pattern |1|2 + |2|2  (Fig. (2), black line). On the contrary, around tmax,   becomes an 
odd multiple of , so that the interference becomes constructive and the peak intensity is 
enhanced by 31%. As a consequence, the prediction of Eq. (6) initially derived for an 
abrupt intensity edge also applies for a step phase edge as can be checked in panel 2(a) 
(see dashed line). Note that for  = , the expression of the resulting temporal 
intensity pattern becomes analytically extremely simple [23]: 
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making it straightforwardly interpreted by the use of the Cornu’s spiral. The temporal 
duration T of the central dip [23] then evolves as : 
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2 + |2|2  do not interfere (the 
red and black curves on panel (b) of Fig. 2 have the same value). This symmetric 
pattern characterized by a central hole surrounded by two marked oscillating edges that 
move in opposite directions should not be confused with the pattern resulting from a 
binary intensity modulation of the initial condition as discussed in [24]. Indeed, in this 
last configuration, a central spot was progressively growing at the centre of the light 
hole due to constructive interference. 
One advantage of temporal optics compared to spatial optics (that requires fine tuning 
of precision optics [25]) is that it is quite straightforward to adjust optoelectronic 
devices to modify . As an example, we have considered   /2 in panel (b) of 
Fig. 2 (blue line). Several features that can be explained once again through the 
interference process and . First, the intensity pattern is not symmetric anymore with 
respect to t = 0, as can be clearly visible from the value and position of the maxima. 
Indeed, when   = /2, the maxima are obtained for   -/2 or 3/2, i.e., for times 
that are –18.6 or 41.2 ps after 10 km of propagation (see Fig. 1(b2)). The amplitude of 
the ripple is also affected and the temporal fringes that develop on each side of the dip 
are not identical: for , the peak at t = -35.4 ps is lowered as the interference 
process involves a tail of |1|2 with a reduced intensity. On the contrary, the bump at 
t = 24.1 ps, is increased as the tail linked to |2|2is more powerful and therefore 
stimulates a constructive interference with a higher efficiency. We also note that the 
intensity does not drop to zero in the central part. The destructive interference condition 
is obtained for i.e. at t = T/2) so that 2(t) and 1(t) have significantly 
different values that lowers the efficiency of the destructive process. Those trends are 
fully confirmed by the evolution of the pulse pattern recorded after 10 km of 
propagation according to  and summarized in panel (c) of Fig. 2. We observed the 
change in the visibility of the central fringe [25] as well as the continuous shift of the 
maxima. In order to qualitatively predict the temporal location tmin of this dip, we can 
take advantage of the linear approximation of [Eq. (8)] to propose the following 
empirical prediction:  
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Panel (c) of Fig. 2 confirm the reasonable agreement of Eq. (12) which is  close to linear 
shift of tmin according to the initial amplitude of the phase offset. Note that if the regime 
of dispersion is normal instead of anomalous, the pattern will be flipped in the temporal 
domain (see Fig. 2(b), dashed blue curve). We can note that the amplitude of only the 
first central bumps is affected: for larger time, the intensity of the tails of 1 or 2 
becomes negligible so that the influence of the interference process on the ripple 
becomes much more negligible.  
 
Nonlinear propagation 
We are now interested in the propagation occurring when nonlinear effects become 
significant. Indeed, contrary to the usual diffraction in free space, propagation in a 
waveguide can also involve nonlinear effects. In this context, optical fibers represent an 
ideal testbed: thanks to a very low level of losses, the Kerr nonlinearity of silica may be 
accumulated over several kilometers. The temporal evolution of a waveform in an 
optical fiber resulting from the interaction between nonlinearity and dispersion can be 
taken into account through an additional term accounting for self-phase modulation in 
Eq.(3), leading to the well-known nonlinear Schrödinger equation (NLSE) [26]: 
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with  is the Kerr coefficient of the fiber, typically  = 1.1 /W/km for the SMF-28 fiber. 
As a first approximation, we have neglected the impact of the optical losses that are 
reduced in the telecommunication spectral window of telecommunication fiber (around 
0.2 dB/km) and can be ideally compensated used Raman distributed amplification [27]. 
We solve the scalar NLSE using numerical simulations based on the well-established 
split-step Fourier method [26].  
The longitudinal evolution of the intensity profile for an initial power of 
290 mW is plotted in Fig. 3(a1) for an initial phase offset of with details of the 
intensity profiles recorded after 10 km of propagation in SMF-28 fiber given in panel 
(b1). When compared to the linear propagation (see Fig. 2(a) and dashed line of Fig 
3(b1)), the impact of the nonlinearity is readily visible. Whereas the position of the 
maximum is still close to tmax predicted by Eq. (6), the central gap broadens and the 
ripples are dramatically compressed. The most compressed structures appear first on the 
edges of the central gap where the initial high-intensity fluctuations trigger the 
nonlinear effects. These coherent structures become narrower and narrower and lie on a 
zero background. They also have a peak intensity that is strengthened, with a maximum 
value of 1.8 in the linear regime of propagation that now exceeds 4times the input 
average value in the nonlinear propagation. Such a behavior qualitatively recalls the 
experimental observations made in the spatial domain for the nonlinear Fresnel 
diffraction [28]. This dynamic is ascribed to the focusing nature of the nonlinearity in 
the anomalous regime of propagation which has been recently the subject of many 
investigations exploring the nature of the solitonic or breathing structures that may 
develop upon propagation. Those works have emphasized the universal impact of 
modulation instability and may have proposed mathematical methods [29-32] such as 
the nonlinear Fourier transform to identify and interpret the fine details of the coherent 
nonlinear structures. However, the configurations that have been treated have often been 
restricted to the semi-classical limit of the NLSE and they have essentially considered 
the case of an initial perturbation of the intensity profile that then translates into large 
fluctuations amplified by modulation instability process [33-37]. In order to get insights 
on the nature of the first most intense structure, we can stress that the intensity profile is 
in excellent agreement with the shape of a fundamental bright soliton S(t)  (with here a 
term of longitudinal phase offset omitted): 
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with TS and PS the temporal duration and peak-power of the fundamental soliton linked 
by  
1/2
2 / .S ST P   Figure 3(c1) summarizes the evolution of the pattern for a fixed 
propagation length of 10 km. We can note that the width of the coherent structures that 
surround the central gap is also affected by the input power with the degree of 
compression increasing with the initial power. The pattern seems to asymptotically tend 
to a modulated soliton train with unequal temporal spacing and with a peak power close 
to four times the initial average power, as predicted for other initial conditions in [32, 
35]. The temporal location of those soliton-like peaks is also affected by the peak 
power. Whereas the temporal shift induced by nonlinearity is quite limited on the most 
central solitons (see also dotted white line in panel (a1)), we note that the temporal 
location of other bright structures emerging from secondary ripples is more power-
dependent. 
The picture gets very different when normal dispersion is involved (panel (a2), 2 = 20 
ps2/km). Instead of a central gap broadening with propagation distance according to Eq. 
(11), we observe a dip that evolves with its temporal duration unaffected, while its 
minimum goes down to a null intensity. The details of the intensity profiles plotted in 
Fig. 3(b2) for a propagation distance of 5 and 10 km stress that the width of the central 
part does not evolve and is good agreement with a black soliton BS(t), which is 
characterized by a full hole of light and a phase offset of  at its center [38], with an 
analytical expression provided by : 
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with TBS the temporal duration of the black soliton and PBS the power of the continuous 
background linked by  
1/2
2 / .BS BST P   Due to the imperfect initial profiles, this 
dark soliton is surrounded by radiative waves that progressively move away from the 
central part. Consequently, it confirms that imprinting an initial temporal phase 
singularity of  is a possible approach to generate black solitons [39], which contrasts 
with the others technics that have focused on the advanced shaping of the temporal 
intensity and phase profile [40, 41] or on the nonlinear interaction of a pair of delayed 
pulses [42, 43]. Figure 3(c1) points out that the balance between normal dispersion and 
Kerr nonlinearity lead to black solitons having a central gap that gets narrower and 
narrower when increasing power, which is fully consistent with the scaling laws of the 
parameters of Eq. (15).  
The depth of the initial phase jump influences the symmetry of the resulting pattern as 
outlined in panel (c2) of Fig. 3 that summarizes the nonlinear evolution of a /2 phase 
step. In the normal regime of dispersion, the initial non vanishing dip that appears upon 
linear propagation is converted into a grey soliton-like structure that has a reduced 
contrast. Both the reduced initial phase offset as well as the reduced depth of the main 
dip induced by dispersion contribute to generate a grey soliton with a reduced greyness 
[26]. Note that the grey soliton has a non-zero velocity, as also stressed in spatial optics 
[44]. Regarding the evolution recorded in the anomalous dispersion regime for 
 = /2, we note that the fluctuations of peak power and widths of the localized 
ultrashort structures according to the input power becomes pronounced. This breathing 
behavior is dominated by solitons over finite background such as Akhmediev breathers, 
Kutnetsov-Ma solutions or superregular structures [45] that may exist both in temporal 
optics [46] but also in spatial optics [47]. It is worthy to note that the highest peak 
power is not always achieved for negative times as we could have expected from the 
asymmetry existing in the linear propagation. 
 
Study of the double phase jump 
Situation under study and dispersive propagation 
The diffraction of 2D transparent phase objects such as square or circular samples have 
been the subjects of past investigations in spatial wave optics, with applications to 
metrology [4]. We now consider the case where the temporal phase shift imprinted on 
the continuous wave  is limited to a duration T0. The spatial analog of this initial 
condition is a 1D is a transparent stripe of width x0 with a height leading to a phase 
offset . This stripe has two abrupt edges and is illuminated in normal incidence. Our 
ideal temporal object can be analytically described as: 
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Once again, we can take advantage of the superposition principle to facilitate the 
discussion of the dispersion phenomena and the analytical calculations [25, 48]. Indeed, 
there are various ways to rewrite Eq. (16). One can see this problem as the temporal 
coherent addition of two abrupt phase jumps of similar amplitude but with opposite 
temporal orientations overlapping by the duration T0. Another way to interpret the initial 
condition is illustrated in Fig. 4(a). It is convenient to rewrite this initial condition as the 
sum of three elements: a(t,0) = '1(t) + '2(t) + 3(t), with  '1(t) = H(-t+T0/2), '2(t) = 
H(t-T0/2) and 3(t) = rect(t/T0) exp(i ), rect being the rectangular function of width 1 
(purple curve). The pattern made by A(t) = '1(t) + '2(t) (green curve) corresponds to 
an opaque light hole of width T0. This temporal analogue of an opaque stripe of constant 
width [49-51] has been the subject of our recent paper dealing with the observation of 
the temporal Arago spot in optical fibers [24]. Therefore, our problem resumes to the 
coherent superposition of the temporal Arago pattern and the temporal pattern induced 
by an aperture of width T0 with a phase offset of . The intensity profiles linked to 
both waves can be analytically derived [48] and are plotted on Fig. 4(b1) for a 
propagation distance of 10 km. We observe the central intensity bump typical of the 
Arago spot that will interfere with the temporally broadened pattern induced by the 
rectangular phase offset. The problem can be solved analytically and the temporal 
profile can be once again predicted using a combination of Fresnel integrals: 
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with    1 2 0 2( ) sgn / 2 /u t t T z     and    2 2 0 2( ) sgn / 2 /u t t T z    . 
This can be further simplified in the case of     to : 
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The phase difference ’ = arg((t)) - arg((t)) -   can be analytically predicted as  
(see Fig. 4(b2), black curve): 
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The linear evolution for an initial phase offset of  and a duration T0 of 40 ps is 
provided in Fig. 5(a1) and is compared with the temporal Arago spot (panel 5(a2)). We 
can note several features that are directly linked to the interference process that may 
exist between  and . First, due to constructive interference (’ being close to ), 
the temporal fluctuations that emerge on each side of the central area are significantly 
enhanced (see also Fig. 6(a) where an increase by 28 % of the peak power can be 
observed). Then the behavior in the central part is radically different, as displayed in 
panel 5(b1) where the longitudinal evolution of the intensity at t = 0 is summarized. 
Indeed, putting  20 2/Z T z  , the central intensity is given by : 
    
2
2
2
1 1
8
4
(0,
4
) f fa C Z S ZZ
    
       
     
, (20) 
which should be compared with the central intensities of the considered aperture and the 
1D Arago spot (purple and green lines respectively) that are given by [12] : 
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All these quantities can be easily graphically predicted using the Cornu’s spiral 
as directly linked to the distance between the point of curvilinear coordinate Z and the 
fixed point (1/4, 1/4) for 
2
a , (0, 0) for 
2
3  and (1/2, 1/2) for 
2
A . Whereas the 
Arago spot has an amplitude that monotonously increases with propagation distance, the 
intensity observed at the center for the phase pattern experiences very strong 
fluctuations in the early stages of propagation that is a signature of the diffraction 
pattern of a rectangular pattern in the Fresnel regime (compare green and purple lines in 
panel b). The intensity at the center can be up to 2.8 times the average power of the 
illumining light, which is 58 % higher than the maximum of |(0)|2 taken alone. 
Propagation distance at which this maximum appears can be well predicted by a 
crossing point of two extrema located at  T0/2  tmax which are given by Eq. (6). This 
observation provides scaling properties of the resulting pattern meaning that we can 
tailor the position of the maximum by carefully choosing the temporal extend of the 
initial phase jump.  Note that the constructive interference process between  and  
is not optimally efficient due to the very different intensity levels of the two waves. 
Moreover, the phase difference ’(0) that can be derived analytically as : 
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 (23) 
is not an odd multiple of  (see Fig. 5(b2) as well as Fig. 4(b2)). For asymptotic 
propagation distance and similarly to the Arago spot, the central intensity tends to 1. 
Regarding the first ripples that surround the central peaks (see Fig. 6(a), red line), we 
note that their intensity is enhanced compared to ||2 + ||2 (black line). Indeed, for 
the position of the lateral maxima at tmax + T0/2, the interference between   and  is 
constructive, ’ being an odd multiple of  after 10 km of linear propagation (see Fig. 
4(b2)). 
The influence of  is illustrated in Fig. 6 for a dispersive propagation distance 
of 10 km and we compare the pattern achieved for  =  (red line) and = 1.37 
(blue line). The initial phase offset significantly impacts the visibility of the fringes as 
well as the amplitude of the maximum of the oscillations. A more systematic study of 
the influence of  is provided in panel (b). The temporal intensity pattern is fully 
symmetric, whatever  is. We can make out that, after 10 km of propagation, the most 
pronounced dips surrounding the central peak are not achieved for  =   but for  = 
1.37 . The intensity of the central part is also strongly influenced by  as can also be 
seen in panel (b2) where we can make out that the peak intensity at t = 0  follows a 
sinusoidal evolution typical of a two wave interference process.  Once again, ’ helps 
us to understand why  =  is not the optimum value to achieve the highest central 
peak-power. The optimum interference is obtained when (0) = 2 n (with n = 0, 1, 
2 …), i.e. when  = 2-’(0) = 4.3 rad. On the contrary, destructive interference is 
obtained for = -’(0)n explaining the dip that tends to appear for 0 
   
 
Nonlinear propagation  
We next investigate the impact of nonlinearity on the pulse profile in presence of 
anomalous dispersion. Figure 7(a1) illustrates the longitudinal evolution of the intensity 
profile for an initial central shift of  and an average power of 290 mW. The ripples 
existing for linear propagation have turned into well-isolated coherent structure 
reaching a peak power that can be as high as 6.1 times the average power after a 
propagation distance of 5.25 km. The amplitude of the peaks neighboring the central 
part is also enhanced by the focusing nonlinearity in the anomalous regime of 
dispersion. The details of the longitudinal evolution of the power at t = 0 are provided in 
panel (b1) of Fig. 5 (red solid line). Contrary to the evolution experimentally recorded 
in [24] where combination of higher power with anomalous dispersion lowered the 
intensity of the temporal Arago spot, the peak-power of the central peak is significantly 
increased after 3 km of propagation and can be here nearly doubled in presence of 
focusing nonlinearity. Details of the temporal intensity profile obtained at the point of 
maximum focusing, i.e. after 5.25 km, is provided in panel (b1) of Fig.7 where we can 
make out that the central part of the pulse is well described by the shape of a Peregrine 
breather [52] : 
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with TPS the temporal duration of the Peregrine soliton and PPS its peak power linked by 
 
1/2
2 / .PS PST P   Details of the phase profile at the point of maximum focusing 
(Fig. 7(c1)) also confirms the presence of typical phase shift of  in the pedestals of the 
structure [53]. This once again stresses the intimate connection that exists between 
solitons over finite background structure of complex nonlinear dynamics and 
compression processes [54]. Note that the first lateral breathing structures that also 
experience growth and decay features can similarly have their central part adjusted at 
their point of maximum focusing (after 8.6 km of propagation) by the shape of a 
Peregrine breather.  
The nonlinear evolution in the normal regime of propagation (Fig. 7(a2)) is very 
different. Indeed, contrary to the emergence of a strong localized structure, we observe 
the generation of a pair of identical black solitons. The intensity evolves towards a 
constant level (see also panel (b) of Fig. 5, blue solid line) tending to the power of the 
initial continuous wave. In the case of attenuation-free propagation, the phase and 
intensity profiles asymptotically reshape towards an ideal black soliton in perfect 
agreement with Eq. (15) as can be seen from Fig. 7(b2) for propagation distance of 10, 
20 and 40 km. The phase profile is also marked by a typical phase shift of  at the 
minimum of the dark soliton. One can note that the centers of the black solitons are not 
exactly located at t = ±T/2 indicating that the structures have in their initial stage of 
reshaping a slight velocity. Once formed, in absence of perturbation and attenuation, the 
pair of dark solitons is stable (see the two dark parallel stripes in Fig. 7(b2)). 
 
The influence of the initial average power on the resulting pattern is summarized in 
Fig. 8(a) for anomalous and normal dispersion. Compared to the results discussed in 
section 2.2 (see Fig. 3), we can note several differences regarding the evolution in the 
anomalous dispersion regime. First of all, we note that, contrary to the peak intensity of 
the lateral peaks that remains more or less constant with the input average power in the 
case of a single phase jump, we observe here some significant fluctuations in the peak 
power, denoting a breathing behavior. The temporal position of these structures is 
affected by the power, higher the power is, closer the structures are from the initial 
abrupt phase jumps. Regarding the pattern in the central part, contrary to [24], the 
evolution is not monotonic with power. We observe that a well-defined double peak 
structure appears for a well-chosen power (around 0.9 W), which is reminiscent from 
the recent investigation of the generation of a pair of pulses from an initial super-
Gaussian pulse [55]. We can expect the initial temporal duration T0 to be an efficient 
mean to control the number of structures in this central part [56] and that more complex 
interactions could be observed for longer durations [57]. On the contrary, in the normal 
regime of propagation, two black solitons are visible with temporal location in the 
vicinity of the initial phase offsets and a normalized intensity equals to 1 between these 
two phase shifts.  
The pattern achieved for  = /2 is also provided in panel (b). Quite remarkably, the 
differences that were very pronounced in the case of a single phase jump are here 
attenuated in the anomalous regime of dispersion so that we retrieve, at least 
qualitatively, the different features we previously discussed for panel (a). However, in 
the normal regime of dispersion, we can note, that the dark solitons that emerge are not 
black and move one away from each other with an intensity pattern that is symmetric. 
Influence of the finite modulation bandwidth  
In order to end this discussion and to get perspectives on potential experimental 
demonstration, we take into account the finite bandwidth of the initial phase 
modulation. Indeed, whereas in spatial optics, use of very straight edges is technically 
feasible, temporal optics faces the practical limitations of the optoelectronics that will 
ultimately limit the steepness of the fronts applied on the initial continuous wave. In the 
article investigating the temporal Arago spot, we have shown using super-Gaussian 
intensity profiles instead of ideal rectangular one has only limited impact on the 
resulting temporal pattern. As a first approximation, we consider here that the 
bandwidth limitations affecting the generation of the phase profile can be modelled by 
Gaussian filter with a full width at half maximum of 80 GHz. The smoothened phase 
profile is shown in Fig. 9(a) for a modulation of  and -red solid and dashed lines 
respectivelyThe pattern observed after a propagation distance of 10 km is plotted in 
Fig. 9(b) where we note that major differences affect the linear propagation. Indeed, 
given the strong interference process that occurs near the phase jumps, any change in 
the phase profile severely impacts the emergence of the features we have previously 
identified. We also note that the pattern induced by a softened phase shift of strongly 
differs from the one emerging from a softened phase shift of - which can be explained 
by the impact of the temporal gradient present in the transition region. Once again, the 
exact identification of the nature of the coherent structures is challenging and requires 
dedicated analytical tools. 
The changes are also significant when considering the propagation in presence 
of nonlinearity, as stressed by panel (c1) of Fig. 9 that should be compared to Fig. 8(a). 
In the anomalous regime of propagation, we do not observe the central doublet that was 
generated in the ideal case for a power around 1W.  The differences are even more 
striking when considering the nonlinear propagation in the normal regime of dispersion. 
Whereas the ideal -phase step leads to the generation of two black solitons, taking the 
bandwidth limitations, the dark solitons are now grey. They have a non-null velocity 
and move away from each other. Note that such a pattern may, to some extent, 
qualitatively recall the trends observed in linearly frequency modulated signal as 
analyzed in nonlinear optics [36, 58] based on Witham approaches initially used in 
fluids [59]. 
The nonlinear dynamics gets very different when considering a phase step of –. 
Given the initial temporal chirp, the two grey solitons tend to move towards each 
other’s and collide after 10 km for an initial power of 0.38W. Taking advantage of the 
finite bandwidth could therefore be a simple but efficient mean to generate 
experimentally a doublet of dark solitons with opposite velocities that could then collide 
[60]. The pattern observed in the central region for anomalous propagation is also 
drastically impacted by the sign of the phase offset. The initial perturbation turns into an 
expanding nonlinear oscillatory structure with a higher number of coherent structures 
being present in the central part and experiencing growth and decay cycles. 
 
Conclusion 
To conclude, we have studied the temporal intensity pattern emerging from the 
linear or nonlinear evolution of a single or double phase jump. We have provided an 
interpretation of the pattern in terms of interferences of the well-known diffractive 
patterns of a straight edge, strip and slit. A complete analytical framework has been 
provided in terms of Fresnel integrals for the case of purely dispersive evolution. This 
has enabled us to stress the similarity as well as the differences that exist in the pattern 
resulting from a phase shift and from an intensity modulation. 
We have extended our study of the propagation to the case where Kerr 
nonlinearity impairs the nonlinear pattern. Various coherent nonlinear structures emerge 
from the pattern according to the regime of dispersion. Whereas dark solitons appear in 
normally dispersive fibers, the evolution in the anomalous regime of dispersion involves 
ultrashort breathing structures that may require the use of more advanced tools to be 
fully identified. Our results stress that phase jump can be extremely efficient to seed 
modulation-instability driven processes and should therefore stimulate new theoretical 
and experimental developments in the field of optical rogue waves. We have shown 
that, in this context, the analytical understanding of the dispersive evolution could 
provide some interesting clues and can benefit from the integrability properties of the 
focusing nonlinear Schrodinger equation.  
The present work can be extended in many aspects. First, the initial wave is not 
restricted to a continuous fully coherent wave. Similarly to the spatial case, we can 
indeed consider the impact of a temporal phase shift imprinted on an initial pulse [23, 
61, 62], on a wave that has an initial chirp [63, 64] or a wave that is only partially 
coherent [3]. With the progress of coherent transmissions, it is also possible to combine 
intensity and phase modulation, therefore mimicking a partially transparent phase object 
[22, 48, 65]. Moreover, it is possible to benefit from the vectorial properties of light in 
fibers to explore new degrees of freedom and other nonlinear structures [66]. We also 
believe that the present discussion can be of help to better understand the evolution of 
the vectorial shock waves we recently described [67] and to catch the way cross-phase 
modulation may affect through dispersion the temporal pattern of a continuous wave 
[68]. 
As the NLSE is a universal mathematical model that also accurate to describe 
wave propagation in other fields of physics such as Bose-Einstein condensates [69] or 
hydrodynamics [70], our conclusions dealing with the impact of phase jumps can be 
extended to the nonlinear evolution of water waves. Indeed, in recent years, the link 
between temporal optics and hydrodynamics has been a fruitful driving force in 
stimulating the understanding of coherent structures in focusing and defocusing regimes 
of nonlinear propagation [45, 53, 71, 72]. 
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Figure 1. (a) Heaviside functions representing a 1D straight edge on the left-hand and 
the righthand sides with an imprinted phase offset of . (b1) The resulting intensity 
distribution of the diffracted light (b1) and the corresponding phase (b2) obtained after 
the propagation in 10 km optical fiber with 2 > 0 in the linear regime. (properties of 1 
and 2  are plotted with green and purple lines respectively). The exact phase difference 
  (black solid line computed from Eq. (7)) is compared to a theoretical approximation 
given by Eq. (8) (black dashed line). 
  
 Figure 2. (a) Evolution of the temporal intensity profile in an optical fiber of light 
passed through a temporal single-step phase pattern with an offset of  = . The white 
dashed line marks the position of the first maxima given by Eq. (6). (b) The resulting 
intensity distribution at the output of 10 km fiber for  =  and  = /2  in the 
anomalous dispersion regime (red and blue solid lines, respectively) and for  = /2 in 
the normal dispersion regimes (blue dashed line). Black line depicts a sum of intensity 
profiles |1|2 + |2|2. (c) Intensity profiles at the end of anomalously dispersive fiber 
recorded at different values of the phase offset . Black dashed line marks position of 
the dip approximated by eq. (12). All intensity patterns computed numerically are in an 
perfect agreement with Eq. (9) and (10). 
  
 Figure 3.  (a) Longitudinal nonlinear evolution of temporal intensity profile of the CW 
modulated by a single phase-jump profile with an offset of  in anomalous (a1) and 
normal (a2) dispersion regimes (2 = 20 ps2 km-1,  = 1.1 W-1 km-1, Pav = 0.29 W). (b1) 
Details on the intensity profiles at the output of 10 km fiber with anomalous dispersion 
at the linear and nonlinear regimes (dashed and solid black lines respectively). Red line 
shows fit by a bright soliton given by Eq. (14). (b2) Close-up of the intensity profiles in 
normally dispersive fiber obtained after 6 and 10 km propagation distance (dashed and 
solid black lines respectively). Middle part of the structures is well described by the 
dark solution, Eq. (15) (red line). (c) Intensity distribution after a 10 km propagation 
with respect to the input power level for the phase offset  of  and /2 (panels 1 and 
2 respectively).   
  
  
 
Figure 4.  (a) Combination of two Heaviside functions as in Fig. 1(a) each shifted by 
20 ps ((t), green) and a rectangular profile of width of 40 ps ((t), purple) which 
has a phase offset of . (b) The corresponding intensity and phase profiles after a 
propagation in 10 km anomalously dispersive fiber (panels 1 and 2 respectively). Black 
line shows the a phase difference ’ obtained from Eq. (19). 
  
  
Figure 5.  Longitudinal evolution of the temporal intensity profile of the CW modulated 
by the double phase-jump (a1) is compared to the temporal Arago spot (a2). Grey dotted 
lines mark positions of the imprinted patterns – phase or intensity jumps, respectively. 
White dashed lines represents position of the first maxima given by Eq. (6). (b1) 
Variation of the intensity and the phase ’(0) (panels 1 and 2, respectively) at the 
center of the double phase-jump pattern. Intensity profiles are recorded for: |(t)|2, 
|(t)|2 and their sum (green, purple and black lines respectively) propagating in a linear 
regime with 2>0; double phase-jump modulated wave propagating in fiber with 2>0 at 
linear (red dashed line) and nonlinear (red solid line) regimes; the nonlinear evolution of 
the wave under the same conditions but with 2<0 (blue solid line). 
  
  
 
Figure 6.  (a) Intensity distribution after the 10 km propagation in the anomalously 
dispersive fiber in the linear regime for the sum |(t)|2 + |(t)|2 (black), CW passed 
through the pattern with  =  (red) and  = 1.37 (blue). (b1) Intensity patterns 
simulated with the same fiber with varying phase offset. The presented waveforms are 
consistent with the theoretical predictions given by Eq. (17) and (18). (b2) Evolution of 
intensity in the central part is described by Eq. (20).  
  
 Figure 7.  (a) Longitudinal nonlinear evolution of the intensity of the CW that is 
modulated by the double phase-jump with an offset of  propagating in a fiber with 
anomalous and normal dispersion (panels 1 and 2 respectively) in the nonlinear regime. 
(b1) Waveform at a point of the maximum compression of panel (a1) (black line) is 
fitted by a Peregrine breather, Eq. (24) (red dashed line), whereas (c1) represents the 
corresponding phase profile of the resulting field. (b2) Intensity profiles obtained under 
the same conditions as in panel (a2) at different propagation lengths: after 10, 20 and 40 
km of propagation (black dotted, dashed and solid lines respectively). Red dashed line 
shows a fit by the black soliton, Eq. (15).    
  
  
 
Figure 8.  Temporal intensity profiles with respect to the initial power level of the CW 
modulated by the double phase-jump with an offset of  and /2 (panels (a) and (b) 
respectively) at the output of 10 km fiber.  
  
 Figure 9. (a) Phase offset profiles: ideal double phase-jump (black line), shapes whose 
bandwidth is limited by a Gaussian profile with 80 GHz width with a depth of  and - 
(red solid and dashed lines respectively). (b) The resulting intensity profiles recorded at 
the output of 10 km fiber with anomalous dispersion in the linear regime for the 
respected profiles in the panel (a). (c) Intensity mapped regarding the input power level 
for the phase profiles with a depth of  and - (panels 1 and 2 respectively). 
  
References: 
 
1. F. A. Jenkins and H. E. White, Fundamentals of optics - 4th edition (McGraw-Hill 
Inc.,US, 1976). 
2. E. Hecht, Optics, 4th (International edition, Addison-Wesley, San Francisco, 2002). 
3. M. T. Tavassoly, M. Amiri, E. Karimi, and H. R. Khalesifard, "Spectral modification 
by line singularity in Fresnel diffraction from 1D phase step," Opt. Commun. 
255, 23-34 (2005). 
4. M. Amiri and M. T. Tavassoly, "Fresnel diffraction from 1D and 2D phase steps in 
reflection and transmission modes," Optics Communications 272, 349-361 
(2007). 
5. B. H. Kolner, "Space-time duality and the theory of temporal imaging," IEEE J. 
Quantum Electron. 30, 1951-1963 (1994). 
6. R. Salem, M. A. Foster, and A. L. Gaeta, "Application of space-time duality to 
ultrahigh-speed optical signal processing," Adv. Opt. Photon. 5, 274-317 (2013). 
7. V. Torres-Company, J. Lancis, and P. Andrés, "Chapter 1 - Space-Time Analogies in 
Optics," in Progress in Optics, E. Wolf, ed. (Elsevier, 2011), pp. 1-80. 
8. A. A. Godil, B. A. Auld, and D. M. Bloom, "Picosecond time-lenses," IEEE J. 
Quantum Electron. 30, 827-837 (1994). 
9. E. R. Andresen, C. Finot, D. Oron, and H. Rigneault, "Spectral Analog of the Gouy 
Phase Shift," Phys. Rev. Lett. 110, 143902 (2013). 
10. B. Li, S. Lou, and J. Azaña, "Novel Temporal Zone Plate Designs With Improved 
Energy Efficiency and Noise Performance," J. Lightw. Technol. 32, 4201-4207 
(2014). 
11. F. Shateri, M. H. Alizadeh, and Z. Kavehvash, "Temporal super resolution imaging 
inspired by structured illumination microscopy," Opt. Commun. 467, 125742 
(2020). 
12. C. Finot and H. Rigneault, "Experimental observation of temporal dispersion 
gratings in fiber optics," J. Opt. Soc. Am. B 34, 1511-1517 (2017). 
13. F. Chaussard, H. Rigneault, and C. Finot, "Two-wave interferences space-time 
duality: Young slits, Fresnel biprism and Billet bilens," Opt. Commun. 397, 31-
38 (2017). 
14. V. Torres-Company, J. Lancis, and P. Andrés, "Unified approach to describe optical 
pulse generation by propagation of periodically phase-modulated CW laser 
light," Opt. Express 14, 3171-3180 (2006). 
15. J. Nuno, C. Finot, and J. Fatome, "Linear Sampling and Magnification Technique 
Based on Phase Modulators and Dispersive Elements: the Temporal Lenticular 
Lens," Opt. Fiber Technol. 36, 125-129 (2017). 
16. L. Romero Cortés, R. Maram, H. Guillet de Chatellus, and J. Azaña, "Arbitrary 
Energy-Preserving Control of Optical Pulse Trains and Frequency Combs 
through Generalized Talbot Effects," Laser Photonics Rev. 13, 1900176 (2019). 
17. A. Sheveleva and C. Finot, "Ultrashort pulse generation from binary temporal phase 
modulation," submitted (2020). 
18. C. R. Fernández-Pousa, R. Maram, and J. Azaña, "CW-to-pulse conversion using 
temporal Talbot array illuminators," Opt. Lett. 42, 2427-2430 (2017). 
19. A. W. Lohmann and J. A. Thomas, "Making an array illuminator based on the 
Talbot effect,," Appl. Opt. 29, 4337-4340 (1990). 
20. International Telecommunication Union, "Recommendation G.652 : Characteristics 
of a single-mode optical fibre and cable,"  (2016). 
21. M. F. Wolfers, "Diffraction par un bord rectiligne avec une source large," J. Phys. 
Radium 6, 305-312 (1925). 
22. M. P. Givens and W. L. Goffe, "Application of the Cornu Spiral to the 
Semitransparent Half Plane," American Journal of Physics 34, 248-253 (1966). 
23. H. D. Betz, "An Asymmetry Method for High Precision Alignment with Laser 
Light," Appl. Opt. 8, 1007-1013 (1969). 
24. C. Finot and H. Rigneault, "Arago spot formation in the time domain," J. Opt 21, 
105504 (2019). 
25. M. T. Tavassoly, M. Amiri, A. Darudi, R. Aalipour, A. Saber, and A.-R. Moradi, 
"Optical diffractometry," J. Opt. Soc. Am. A 26, 540-547 (2009). 
26. G. P. Agrawal, Nonlinear Fiber Optics, Fourth Edition (Academic Press, San 
Francisco, CA, 2006). 
27. J.-D. Ania Castanon, T. J. Ellingham, R. Ibbotson, X. Chen, L. Zhang, and S. K. 
Turitsyn, "Ultralong Raman Fiber Lasers as Virtually Lossless Optical Media," 
Phys. Rev. Lett. 96, 023902 (2006). 
28. W. Wan, D. V. Dylov, C. Barsi, and J. W. Fleischer, "Diffraction from an edge in a 
self-focusing medium," Opt. Lett. 35, 2819-2821 (2010). 
29. F. Mitschke, C. Mahnke, and A. Hause, "Soliton Content of Fiber-Optic Light 
Pulses," Appl. Sci. 7, 635 (2017). 
30. S. Randoux, P. Suret, and G. A. El, "Inverse scattering transform analysis of rogue 
waves using local periodization procedure," Sci. Rep. 6, 29238 (2016). 
31. M. Bertola and A. Tovbis, "Universality for the Focusing Nonlinear Schrödinger 
Equation at the Gradient Catastrophe Point: Rational Breathers and Poles of the 
Tritronquée Solution to Painlevé I," Comm. Pure Appl. Math. 66, 678-752 
(2013). 
32. R. Jenkins and K. D. T.-R. McLaughlin, "Semiclassical Limit of Focusing NLS for 
a Family of Square Barrier Initial Data," Comm. Pure Appl. Math. 67, 246-320 
(2014). 
33. B. Kibler, "Rogue Breather Structures in Nonlinear Systems with an Emphasis on 
Optical Fibers as Testbeds," in Shaping Light in Nonlinear Optical Fibers, S. 
Boscolo and C. Finot, eds. (Wiley, 2017). 
34. A. E. Kraych, P. Suret, G. A. El, and S. Randoux, "Nonlinear Evolution of the 
Locally Induced Modulational Instability in Fiber Optics," Phys. Rev. Lett. 122, 
054101 (2019). 
35. G. A. El, E. G. Khamis, and A. Tovbis, "Dam break problem for the focusing 
nonlinear Schrödinger equation and the generation of rogue waves," 
Nonlinearity 29, 2798 (2016). 
36. G. Biondini and Y. Kodama, "On the Whitham equations for the defocusing 
nonlinear Schrodinger equation with step initial data," J. Nonlinear Sci. 16, 435-
481 (2006). 
37. G. Biondini, S. Li, D. Mantzavinos, and S. Trillo, "Universal behavior of 
modulationally unstable media," SIAM Review 60, 888-908 (2018). 
38. Y. S. Kivshar and B. Lutther-Davies, "Dark optical solitons : physics and 
applications," Phys. Reports 298, 81-197 (1998). 
39. S. A. Gredeskul and Y. S. Kivshar, "Dark soliton generation in optical fibers," Opt. 
Lett. 14, 1281-1283 (1989). 
40. W. J. Tomlinson, R. J. Hawkins, A. M. Weiner, J. P. Heritage, and R. N. Thurston, 
"Dark optical solitons with finite-width background pulses," J. Opt. Soc. Amer. 
B 6, 329-334 (1989). 
41. W. Zhao and E. Bourkoff, "Generation of dark solitons under a cw background 
using waveguide electro-optic modulators," Opt. Lett. 15, 405-407 (1990). 
42. J. E. Rothenberg, "Dark soliton trains formed by visible pulse collisions in optical 
fibers," Opt. Commun. 82, 107-111 (1991). 
43. W. Wan, S. Jia, and J. W. Fleischer, "Dispersive superfluid-like shock waves in 
nonlinear optics," Nat Phys 3, 46-51 (2007). 
44. D. R. Andersen, D. E. Hooton, G. A. Swartzlander, and A. E. Kaplan, "Direct 
measurement of the transerse velocity of the dark spatial solitons," Opt. Lett. 15, 
783-785 (1990). 
45. B. Kibler, A. Chabchoub, A. Gelash, N. Akhmediev, and V. E. Zakharov, 
"Superregular Breathers in Optics and Hydrodynamics: Omnipresent 
Modulation Instability beyond Simple Periodicity," Phys. Rev. X 5, 041026 
(2015). 
46. F. Copie, S. Randoux, and P. Suret, "The Physics of the one-dimensional nonlinear 
Schrödinger equation in fiber optics: Rogue waves, modulation instability and 
self-focusing phenomena," Reviews in Physics 5, 100037 (2020). 
47. R. Schiek and F. Baronio, "Spatial Akhmediev breathers and modulation instability 
growth-decay cycles in a quadratic optical medium," Physical Review Research 
1, 032036 (2019). 
48. J. Komrska, "Intensity and Phase in Fresnel Diffraction by a Plane Screen 
Consisting of Parallel Strips," Optica Acta: International Journal of Optics 14, 
127-146 (1967). 
49. A. K. Moen and D. L. Vander Meulen, "Fresnel Diffraction Using a He-Ne Gas 
Laser," Am. J. Phys. 38, 1095-1097 (1970). 
50. C. C. Chu, J. D. Hey, and M. Hoarau, "An Optical Diffraction System for Industrial 
Application," Phys. Scr. T97, 131 (2001). 
51. M. Cagnet, M. Françon, and J.-C. Thrierr, Atlas optischer Erscheinungen: Atlas de 
phénomènes d'optique. Atlas of optical phenomena (Springer, 1962). 
52. B. Kibler, J. Fatome, C. Finot, G. Millot, F. Dias, G. Genty, N. Akhmediev, and J. 
M. Dudley, "The Peregrine soliton in nonlinear fibre optics," Nat Phys 6, 790-
795 (2010). 
53. G. Xu, K. Hammani, A. Chabchoub, J. M. Dudley, B. Kibler, and C. Finot, "Phase 
evolution of Peregrine-like breathers in optics and hydrodynamics," Phys. Rev. 
E 99, 012207 (2019). 
54. A. Tikan, C. Billet, G. A. El, A. Tovbis, M. Bertola, T. Sylvestre, F. Gustave, S. 
Randoux, G. Genty, P. Suret, and J. M. Dudley, "Universality of the Peregrine 
Soliton in the Focusing Dynamics of the Cubic Nonlinear Schrödinger 
Equation," Phys. Rev. Lett 119, 033901 (2017). 
55. C. Finot, "Optical pulse doublet resulting from the nonlinear splitting of a super-
Gaussian pulse," Laser Phys. Lett. 17, 025103 (2020). 
56. G. Marcucci, D. Pierangeli, A. J. Agranat, R.-K. Lee, E. DelRe, and C. Conti, 
"Topological control of extreme waves," Nat. Commun. 10, 5090 (2019). 
57. F. Audo, B. Kibler, J. Fatome, and C. Finot, "Experimental observation of the 
emergence of Peregrine-like events in focusing dam break flows," Opt. Lett. 43, 
2864-2867 (2018). 
58. S. Wabnitz, C. Finot, J. Fatome, and G. Millot, "Shallow water rogue wavetrains in 
nonlinear optical fibers," Phys. Lett. A 377, 932-939 (2013). 
59. G. B. Whitham, Linear and Nonlinear Waves (Wiley, New York, 1974). 
60. R. N. Thurston and A. M. Weiner, "Collisions of dark solitons in optical fibers," J. 
Opt. Soc. Amer. B 8, 471-477 (1991). 
61. M. Wichtowski, "Simple analytic expressions of Fresnel diffraction patterns at a 
straight strip and slit for Gaussian wave illumination," American Journal of 
Physics 87, 171-175 (2019). 
62. L. Singher, J. Shamir, and A. Brunfeld, "Focused-beam interaction with a phase 
step," Opt. Lett. 16, 61-63 (1991). 
63. M. Ghoorchi-Beygi and M. Dashtdar, "Single-shot measurements by Fresnel 
diffraction of divergent waves from a phase plate," Appl. Opt. 59, 1968-1973 
(2020). 
64. R. Aalipour, "Calculation of Fresnel diffraction from 1D phase step by discrete 
Fourier transform," Opt. Commun. 382, 651-655 (2017). 
65. C. W. Gayer, D. Hemmers, C. Stelzmann, and G. Pretzler, "Direct measurement of 
the x-ray refractive index by Fresnel diffraction at a transparent edge," Opt. Lett. 
38, 1563-1565 (2013). 
66. F. Baronio, A. Degasperis, M. Conforti, and S. Wabnitz, "Solutions of the Vector 
Nonlinear Schr\"odinger Equations: Evidence for Deterministic Rogue Waves," 
Phys. Rev. Lett. 109, 044102 (2012). 
67. J. Nuno, C. Finot, G. Xu, G. Millot, M. Erkintalo, and J. Fatome, "Vectorial 
dispersive shock waves in optical fibers," Commun. Phys. 2, 138 (2019). 
68. M. G. Beygi, R. Karimzadeh, and M. Dashtdar, "Nonlinear refractive index 
measurement by Fresnel diffraction from phase object," Opt. Laser Technol. 66, 
151-155 (2015). 
69. S. Burger, K. Bongs, S. Dettmer, W. Ertmer, and K. Sengstock, "Dark solitons in 
Bose-Einstein condensates," Phys. Rev. Lett. 83, 5198-5201 (1999). 
70. A. Chabchoub, B. Kibler, C. Finot, G. Millot, M. Onorato, J. M. Dudley, and A. V. 
Babanin, "The nonlinear Schrödinger equation and the propagation of weakly 
nonlinear waves in optical fibers and on the water surface," Annals of Physics 
361, 490-500 (2015). 
71. A. Chabchoub, O. Kimmoun, H. Branger, N. Hoffmann, D. Proment, M. Onorato, 
and N. Akhmediev, "Experimental Observation of Dark Solitons on the Surface 
of Water," Physical Review Letters 110, 124101 (2013). 
72. J. M. Dudley, G. Genty, A. Mussot, A. Chabchoub, and F. Dias, "Rogue waves and 
analogies in optics and oceanography," Nature Reviews Physics 1, 675-689 
(2019). 
 
 
 
 
